


Ex 4

[ =" Let R be arelation from a set A to a set B. The inverse rela-
tion from B to A, denoted by R™!, is the set of ordered pairs
{(b,a) | (a,b) € R}. The complementary relation R is the
set of ordered pairs {(a, b) | (a, b) ¢ R}.

Let R be the relation R = {(a, b) | a < b} on the set of
integers. Find

a) R~ b) R.



DEFINITIONS

The inverse relation R~' is the set {(b,a)|(a,b) e R}
The complementary relation F is the set {(a.b)|(a.h) £ R}

SOLUTION

R = {(a,b)|a < b}

(a) Use the definition of the mverse relation:

R~ ={(b.a)l(a,.b)c R}
= {(b,a)la < b}
= {{a.b)lb < a} Interchange a and b
= {{a,b}|a = b}




(b) Use the definition of the complementary relation:

R = {(a,b)|(a.b) ¢ R}
= {(a.b)la £ b}
= {(a.b)la = b}




Ex 5

Ry = {(a,b) € R? | a > b}, the “greater than” relation,

Ry = {(a,b) € R? | a > b}, the “greater than or equal to’
relation,

R3; ={(a, b) € R? | a < b}, the “less than™ relation,

R4 = {(a, b) € R? | a < b}, the “less than or equal to”
relation,

Rs = {(a,b) € R? | a = b}, the “equal to” relation,
Rs = {(a,b) e R? | a # b}, the “unequal to” relation.

Find

a) R; U Rj;. b) R| URs.
¢c) R> N Ry. d) Rz N Rs.
e) R] — Rz. f) R2 — R].
g) R| ® Rs. h) R> @ R4.
Find

a) Ry oR;. b) R| o R».
¢) R;oRs. d) R| o R4.
e) R|oRs. f) R| o Rg.

g) R> o R3. h) R3 o Rs3.



DEFINITIONS

Union A LU 5: All elements that are either in 4 OR in B

Intersection A M &: All elements that are both in A AND n 5.
Difference A — B: All elements iIn 4 that are NOT in B {complement of
B with respect to A4).

symmetric difference A 3 B: All elements in 4 or in B, but not in both.



SOLUTION

Ri={(a,b) € R*|a > b}
Ry ={(a,b) e R%a = b}
R3={(a.b) € R*|a < b}
Ri={{a,b) e R%|a < b)
Ry = {(a,b) € R*|a = b}
Rg={(a.b) € R%|a # b}

(a) The union of two relations contains all ordered pairs that are in either
relation.

RiUR3 = {{a.b)e R*a > bora< b}
= {(a,b) € R%[a # b}
=RE_

Becanse when a < b or b > a. then we know that a and b cannot be the
same |although we do not know anything more).



(b) The union of two relations contains all ordered pairs that are in either
relation.

RiURs = {(a,b)e R*la > bora=b}
= {(a,b) € R%ja = b}
=R-2

(¢} The intersection of two relations contains all ordered pairs that are in
both relations.

Ran Ry={{a,b) € R®|a = b and a < b}
= {(a,b) € R*|a = b}
=R_5



(d) The intersection of two relations contains all ordered pairs that are in

both relations.

Rin By = {(a.b)cR*a < band a = b}
=0

Since a << b and @ = b can never be true at the same time, Hs M Ay cannot

contain any ordered pairs.

(e} By — Hs contains all ordered pailrs that are in the relation Ry that do

not occur in the relation Hs.

Ry — Rs={(a,b) e R*la>banda# b}
= {(a.b) e R*|a > b and a < b}
=)

Since a = b and a << 6 can never be true at the same time, iy — A cannot

contain any ordered pairs.



(f) Hs — Ry contains all ordered pairs that are in the relation Hs that do
not occur in the relation H,.

Ry — Ry={(a,b) e R*la=band a # b)
= {{a.b) e R*|a = b and a < b}
= {(a,b) e R?*|la = b}
= H-

(z) Ry & H3 comtains all ordered pairs that are in the relation By or are in
the relation A5, but not in both.

Ry Rz ={{a.b)e R*{a = bor a<b)and not {a > band a < b)}
= {{a,b) € R*|a # b and not F}
= {{a.b) = R%la # b and —F}

= {{a,b) R_2|a;ébﬂnd T} ~-F=T
= {(a.b) € R*|a # b} prT=p
= HE

Note that the statement a > b and a < b is always false F for all pairs of
real numbers.



(h) Hs & Ry contains all ordered pairs that are in the relation Hs or are in
the relation H4, but not in both.

Ry@Ry={(a.b)e R¥(a=bora<b)and not (a > band a < b)}
= {{a,b) € R*T and not (a = b))
= {{a.b) € R*|T and —(a = b)}
= {{a.b) € R*|T and a # b}
= {(a,b) € R%a # b} prT=p
= Hy

Note that the statement a = b ora < b is always true T for all pairs of real
numbers.



SOLUTION

Ri={(a.b) e R*la > b}
Ry = {(a.b) € R*|a = b}
R3={(a,b) € R*|a < b}
Ri={(a,b) € R?|a < b)
Ry ={(a.b) e R*la=b)
Rg={(a,b) e R*|la # b}

(a) For every pair {a,b) € R and (b, ¢) £ 5, the corresponding element (a,c)
belongs to the composition.

RioRy={{a,c)e R’ cR: (a,b) € Ry and (b,c) € Ry}
={{a,c)e R*FcR:a>band b> ¢}
= {{a.c)e R} I e R:a>c)
= {{a.c) € R%la > ¢} a > ¢ 18 independent of b
= {(a.b) € R*la > b} Let us rename ¢ as b
- Ry



(b} For every pair {(a,b) € R and (b.c) € S, the corresponding element (a.c)
belongs to the composition.

RioRa={(a.c)e R*Fbh e R: (a.b) € Ry and (b,c) € Ry}
= {{a.c)e R} eR:a=band b> ¢}
={{a.c)e R*FcR:a>c}

= {{a,c) e R?|a > ¢} a > ¢ is independent of b
= {{a,b) € R?|a > b} Let us rename ¢ as b
- R,

(c) For every pair {a,b) € i and (b,c) € 5, the corresponding element (a,c)
belongs to the composition.

RioRs={(a.c)e R*3b e R: (a.b) € Rz and (b.c) e Ry}
—{(a.c)e R* I eR:a<band b> ¢}
= {(a,c) € R*|T} dbeR:a <band b> ¢ is always true
= {{a,¢) e R*}
— R?

dbh e R:a < bandb > ¢ is always true, because we can always chose
b= max({a,c)+ 1.



(d) For every pair (a.b) € R and (b,c) £ 5, the corresponding element (a,c)
belongs to the composition.

RioRy={{a.c)e R®*|3b e R: (a,b) € Ry and (b,c) e R}
= [(a,c)eR*1F eR:a<band b> ¢}
= {{a.c) e R*|T} dbe R:a < band b= ¢ is always true
= {{a.c) e R*}
— R*?

dh 2 R :a < band b > ¢ is alwavs true, because we can always chose
b= max{a,c) + 1.

(e} For every pair (a,b) € R and (b,c) € 5, the corresponding element {a,c)
belongs to the composition.

RieRs={(a.c)e R*3b e R: (a.b) € Rs and (b,e) & Ry}
= {(a.c)eR*|FcR:a=band b> ¢}
={(a.c)e R T ceR:a>c)
= {{a,c) € R?la > ¢} a > ¢ is independent of b
= {{a,b) € R?la = b} Let us rename ¢ as b
- R,



(f) For every pair {(a,b) £ i and (b.c) £ S, the corresponding element {a,c)
belongs to the composition.

RioRg={(a.c)c R*3b e R: (a,b) € Rg and (b,c) € Ry}
— {{a,c)e R*Fb e R:a# band b> ¢}
= {{a,c) € R*|T} dbeR:a#band b= ¢ is always true
= {{a.c) c R*}
= R?

dhe R:a # band b > ¢ is always true, because we can chose b = ¢+ 1
whene+ 1 #Zaand b=c+ 2 when ¢+ 1 = a.

|g) For every pair (a.b) € R and (b, ¢) € 5, the corresponding element (a.c)
belongs to the composition.

RyoR3={(a.¢) e R* 3 e R: (a,b) € Ry and (b.c) € Ra)
= {{a,c)eR*F eR:a<band b>c)
= {{a,c) e R'2|T} dhe R:a < band b= ¢ is always true
= {{a,c) € R?}
= R?

e R:a < bandb = ¢ is always true, because we can chose b =
max(a, ¢} + 1.



(h) For every pair (a,b) € R and (b,c) £ &, the corresponding element (a,c)
belongs to the composition.

RioRs={(a.c)e R*3b e R: (a.h) € Ry and (b.c) € R3}
= {{a,c)e R*Fb e R:a<band b< c}
={(a.c)eR}FBcR:a<c}
= {{a,c) e R%a < ¢} a <2 ¢ I8 independent of b
= {{a,b) € R*|a < b} Let us rename ¢ as b
.



Ex 6

Let Ry and R, be the “divides” and “is a multiple of”
relations on the set of all positive integers, respectively.
Thatis, Ry = {(a, b) | a divides b} and R, = {(a, b) | a
1s a multiple of b}. Find

a) Ri UR,. b) R N R,.
¢) R — R,. d) R, — R;.
e) R D R».

DEFINITIONS

The composite S5 o R consists of all ordered pairs (a,c) for which there
exlsts an element b such that (a,b) e R and (b.c) £ 5



SOLUTION

Ry = {(a.b) € R*a divides b}
Ry = {(a.b) € R*|a is a multiple of b}

(a) The union of two relations contains all ordered pairs that are in either
relation.

Ry Ry ={{a.b) € R*|a divides b or a is a multiple of b}
= {(a.b) € R%|a divides b or b divides a)

Note: a is a multiple of b if and only if b divides a.

(b) The intersection of two relations contains all ordered pairs that are in
both relations.

Ry Ry = {(a.b) e R¥a divides b and a is a multiple of b}
= {({a,b) e R’ la divides b and b divides a}
= {(a,b) € R*ja = b and a # 0}

Note: You cannot divide by (.



(c) Hy — Hs contains all ordered pairs that are in the relation H; that do
not occur in the relation Ha.

Ry — R = {{a.b) € R*|a divides b and a is not a multiple of b}
= {(a.b) R* a divides b and b does not divide a}
= {(a,b) € R*|a divides b and a # +h}

(d) Ha — Ry contains all ordered pairs that are in the relation H5 that do
not occur in the relation R;.

Rs— Ry = {(a.b} € R*|a is a multiple of b and a does not divide b}
= {{a,b) R*|b divides a and a does not divide bl
= {{a.b) € R*|b divides a and a # £b)




(e} Hy ¢ Hs contains all ordered pairs that are in the relation iy or Hs, but
not in both.

Ry & Ry = {(a.b) € R*a divides b or b is a multiple of a, but not both)
= {(a,b) € R*|(a divides b or b divides a) and a # +b}



